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Abstract
A characterization of certain elliptic quadrics Q−(3, q) embedded in the Hermitian surface of
PG(3, q2), q odd, as special sets (after E.E. Shult [Problems by the wayside, 2003 (preprint)]) in
terms of Segre invariants, is given.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In a paper by Shult and Thas [5] the authors present a construction of generalized
quadrangles of order (q2, q2) provided the quadricQ−(5, q) admits a collection of q2 + 1
pairwise disjoint totally singular lines with the property that any three of them span the
whole space PG(5, q).
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Rephrasing the Shult–Thas construction under the Plücker correspondence, one obtains
a set S of points of the Hermitian surface H(3, q2) (the dual of Q−(5, q)) with the
following properties:
(1) |S| = q2 + 1;
(2) any point of H(3, q2)\S is perpendicular to 0 or 2 points of S, or equivalently, any
three points of S generate a non-tangent plane to H(3, q2).
A subset of H(3, q2) satisfying properties (1) and (2) is called a special set in [4].
A partial special set ofH(3, q2) is a subset ofH(3, q2) of size less then q2+1 satisfying
property (2).
Notice that the size of a special set S of H(3, q2) cannot be bigger than q2 + 1. Indeed,
according to [4], S serves as “base” for a so-called locally Hermitian ovoid of H(3, q2).
We recall that a locally Hermitian ovoid of H(3, q2) consists of q2 chords of H(3, q2)
passing through a singular point P . If S is a special set ofH(3, q2) and P ∈ S, then the q2
chords of H(3, q2) joining P to the remaining points of S form a locally Hermitian ovoid
of H(3, q2).
In [4], Shult constructed a set of H(3, q2), q odd, satisfying property (2) which is a
certain elliptic quadric Q−(3, q) embedded in a Baer subgeometry of PG(3, q2).
Let B be an orthogonal polarity commuting with the unitary polarity U associated with
H(3, q2). Set V := BU = UB. Then, the quadric Q associated with B is necessarily
hyperbolic and V is a non-linear collineation of PG(3, q2). From [3], the fixed points of V
on H(3, q2) form a non-degenerate quadricQ. In particular,Q = H(3, q2) ∩Σ , where Σ
is a suitable subgeometry of PG(3, q2) isomorphic to PG(3, q). Notice that the points of
H(3, q2) fixed under V are those admitting the same tangent plane with respect to both the
unitary polarity and the orthogonal polarity. We will call Q a hyperbolic quadric commuting
with H(3, q2).
In terms of forms, let us assume that (V , f ) is a four-dimensional unitary space over
GF(q2). Let GF(q) be the subfield of GF(q2) of index 2. Choose a basis v1, . . . , v4 of V
such that f (vi , v j ) ∈ GF(q) for all i , j and let W denote the GF(q)-span of these vectors.
It turns out that the restriction f0 of f to W is a non-degenerate symmetric bilinear form. If
the basis is an orthonormal basis, then the discriminant of f0 is a square. Replacing v1 by
ωv1, where ω is a generator of GF(q2)∗, the discriminant of f0 is a non-square. Therefore,
we obtain embeddings O4 (q) < U4(q
2) for both  = + and  = −.
In the following, we will describe as a Baer elliptic quadric an elliptic quadric Q =
Q−(3, q) in a suitable subgeometry of PG(3, q2) isomorphic to PG(3, q).
In [2], the authors proved that if Q is a hyperbolic quadric of PG(3, q2), q odd,
commuting with H(3, q2) such that Q∩H(3, q2) is a Baer elliptic quadricQ = Q−(3, q),
then Q is a special set of H(3, q2). We will refer to this class of special sets as the CP-type
special sets.
Notice that if q = 3 any special set of H(3, 9) is a Baer elliptic quadric [1].
It is interesting to note that there exist elliptic quadricsQ−(3, q) embedded inH(3, q2),
q odd, that cannot be obtained by means of hyperbolic quadrics commuting withH(3, q2).
It is plausible that the generalized quadrangle of order (q2, q2) obtained from Shult’s
example and the Cossidente–Penttila example arising from the construction in [5] is a
classical quadrangle, but this raises the question of whether other special sets (if they exist)
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might lead to non-classical GQ’s of this order. Then it makes sense to look for new special
sets of H(3, q2) and to determine intrinsic properties characterizing them.
In this paper we will provide a characterization of the Cossidente–Penttila example by
means of certain Segre invariants that we will introduce in the next section.
2. Segre invariants
Let X1, X2, X3 be homogeneous projective coordinates in PG(2, q2). Let H(2, q2)
be a Hermitian curve of PG(2, q2) and let T = {P1, P2, P3} be any triangle inscribed
in H(2, q2) that may always be chosen as the standard triangle: P1 = (1, 0, 0), P2 =
(0, 1, 0) and P3 = (0, 0, 1). It turns out that the equation of H(2, q2) is of the form∑3
i=1
∑3
j=1 ai j Xi X
q
j = 0, where a11 = a22 = a33 = 0 and ai j = aqj i (i = j ; i, j =
1, 2, 3). In particular a12a23a31 + aq12aq23aq31 = 0 and hence no one of the coefficients a12,
a23, a31 can be zero. We introduce the element b ∈ GF(q) ⊂ GF(q2) given by
b = (a12a23a31)/(aq12aq23aq31) + (aq12aq23aq31)/(a12a23a31). (1)
It follows that b = −2, and if we denote by z any one of the two ratios appearing in (1),
then z = 0 and zq = 1/z, that is, zzq = 1 and z + zq = b, i.e., z and zq are solutions of
the quadratic equation X2 − bX + 1 = 0 over GF(q2). The elements z and zq are in GF(q)
if and only if zq = z i.e., if and only if q is odd and z = 1, i.e., b = 2. From [3, Section
51], z is a projective invariant. We will refer to it as the Segre invariant of the triangle T .
Moreover, denoting by p1, p2, p3, the tangent lines to H(2, q2) at the points P1, P2 and
P3, respectively, it turns out that b = 2, i.e. z = zq = 1, if and only if the triangles P1 P2 P3
and p1 p2 p3 are in perspective.
In general, let H be a Hermitian form on a vector space V (n + 1, q2) of dimension
n + 1 over GF(q2), n ≥ 2, and H(n, q2) denote the set of projective points P = GF(q2)v,
v ∈ V (n + 1, q2) with H (v, v) = 0. For an ordered triple (P1, P2, P3) of mutually non-
orthogonal points Pi = GF(q2)vi , i = 1, 2, 3, of H(n, q2), we define the Segre invariant z
of the ordered triple (P1, P2, P3) as
z(P1, P2, P3) = H (v1, v2)H (v2, v3)H (v3, v1)/H (v2, v1)H (v3, v2)H (v1, v3). (2)
It is immediate that the definition of z does not depend of the choice of the vectors vi
spanning Pi (i = 1, 2, 3).
The following theorem has been proved in [3].
Theorem 2.1 ([3, Section 53]). Let P be any closed oriented polyhedron embedded in a
Hermitian variety H(n, q2), n ≥ 2, having ν ≥ 4 vertices, triangular faces, and such that
any three vertices are non-collinear and generate a non-tangent plane to H(n, q2). Then,
the product of the Segre invariants associated with the ordered triples of the triangles
consisting of vertices of P is always equal to 1.
The proof of Segre’s theorem shows by induction on ν ≥ 4 that for a sequence
(P1, . . . , Pν ) we can find a set T of ordered triples (Pi , Pj , Pk) such that for each pair
{Pl , Pm}, 1 ≤ l = m ≤ ν, either there is no triple of T containing the pair, or there are
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exactly two triples of T containing it, but with different orders. (This can be rephrased as
“any (ν − 1)-simplex can be thought of as an orientable 2-simplicial complex”.)
Now, of course, if the product of all Segre invariants associated with P is equal to 1, it
may happen that all Segre invariants involved are equal to 1 (notice that it makes sense to
consider Segre invariants also if P is not a closed oriented polyhedron).
3. The characterization
In this section we will provide the characterization announced in the Introduction.
Theorem 3.1. A special set S of the Hermitian surface H(3, q2), q odd, is of CP type if
and only if all Segre invariants associated with S are equal to 1.
Proof. Assume that S is of CP type. From [2], we can choose homogeneous projective
coordinates in PG(3, q2) in such a way thatH(3, q2) has equation X1 Xq4 +Xq1 X4−Xq+12 −
Xq+13 = 0 and S is the Baer elliptic quadric {(1, t, tq , tq+1) : t ∈ GF(q2)} ∪ {(0, 0, 0, 1)}.
Since the group G of S acts transitively on ordered pairs of points of S we can always
fix the two points P1 = (1, 0, 0, 0) and P2 = (0, 0, 0, 1). Let P = (1, t, tq , tq+1) be any
point of S distinct from P1 and P2. Denoting by H (X, Y ) the Hermitian form associated
with H(3, q2), it is easy to see that z = H (P, P1)H (P1, P2)H (P2, P)/H (P1, P)
H (P2, P1)H (P, P2) = 1, i.e. the Segre invariant associated with the triangle P P1 P2 is
equal to 1. Hence, if S is a special set of CP type, then the Segre invariants associated with
S are all equal to 1.
Assume now that S is a special set ofH(3, q2) such that the Segre invariants associated
with S are all equal to 1. Notice that a special set of H(3, q2) cannot lie in a plane (indeed,
it is always a cap of PG(3, q2) and so we should have a conic Q(2, q2) embedded in
H(2, q2) which is impossible). Hence, S always generates the whole space PG(3, q2) and
up to projectivities we can assume that S contains the frame P1, P2, P3 = (1, 1, 1, 1)
and P4 = (1, t, tq , tq+1), for a fixed t ∈ GF(q). Let Q = (1, a, b, c) ∈ H(3, q2) be
any point of S and so c + cq = aq+1 + bq+1. The Segre invariants associated with the
triangles P1 P2 Q, P1 P3 Q, P2 P4 Q are c/cq , c(cq + 1 − aq − bq)/cq(c + 1 − a − b),
(tq+1 +cq − taq − tq bq)/(tq+1 +c− tqa − tb), respectively. Hence, we have the following
system:

c + cq = aq+1 + bq+1
c = cq
c(cq + 1 − aq − bq) = cq(c + 1 − a − b)
cq − taq − tq bq = c − tq a − tb.
From the previous system, since t ∈ GF(q), it is easy to see that Q = (1, s, sq , sq+1),
with s ∈ GF(q2)\{0, 1, t} and so Q must be a point of the Baer elliptic quadric E =
{(1, s, sq , sq+1) : s ∈ GF(q2)} ∪ {(0, 0, 0, 1)} embedded in H(3, q2) which is of CP type.
Of course, |E | = q2 + 1, and so S = E . The proof is now complete. 
Remark 3.2. As already noted in the Introduction, there exist Baer elliptic quadrics
Q−(3, q) embedded in H(3, q2), q odd, that cannot be obtained by means of hyperbolic
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quadrics commuting withH(3, q2). Let W be the subgeometry over GF(3) of V = V (4, 9)
fixed by the semi-linear involution ρ over GF(9) defined by
ρ : (x1, x2, x3, x4) 	→ (ω2x31 , x33 , x32 , x34 ),
where ω is a primitive element of GF(9) over GF(3). Take a hyperbolic quadratic form g
on V over GF(9) defined by
g((x1, x2, x3, x4)) = ωx1x4 − x2x3.
With respect to the basis v1 = (ω3, 0, 0, 0), v2 = (0, 1, 1, 0), v3 = (0, ω, ω3, 0),
v4 = (0, 0, 0, 1) of W over GF(3), the restriction g|W of g on W satisfies
g|W
(
4∑
i=1
aivi
)
= (a23 − a22 − a2a3) − a1a4 ∈ GF(3).
As X2 − Y 2 − XY is an irreducible polynomial in GF(3)[X, Y ], we see that g|W is an
elliptic quadratic form over GF(3). Thus Q = {GF(3)v | v ∈ W, g(a) = 0} is an elliptic
quadric in PG(W )  PG(3, q) embedded in the Hermitian surface H(3, 9) : X1 X34 +
X31 X4 − X42 − X43 = 0. However, the hyperbolic quadric Q = {GF(9)v | v ∈ W, g(a) = 0}
contains the point (1, 1, 1,−ω3) of H(3, 9) which is not in Q. Thus Q is not of CP type.
Note that z(P1, P2, P3) = 1 for the three points P1 = (0, 0, 0, 1), P2 = (1, ω, ω,ω) and
P3 = (1,−1, ω2,−ω) of Q.
Remark 3.3. Our characterization result can be applied to the case of a Hermitian curve
H(2, q2), q odd: let P be any arc inH(2, q2), having ν ≥ 4 vertices. If the Segre invariants
associated with the ordered triples of points of P are all equal to 1, then a proof similar to
that of Theorem 3.1 yields that necessarily ν = q +1 and P is a Baer subconic ofH(2, q2)
obtained by intersecting the Hermitian curve with a non-degenerate conic of PG(2, q2)
commuting with it.
Remark 3.4. We would like to stress a nice property of the Hermitian surface H(3, q2), q
odd. Let P, P1, P2, P3 be four points ofH(3, q2) forming a partial special set of H(3, q2).
Then, if P1, P2, P3 lie on a Bear subconic, say C1, and if P , P2, P3 lie on a Bear subconic,
say C2, and if P , P1, P3 lie on a Bear subconic, say C3, then there exists a Baer subconic
C4 containing P , P2, P1. Moreover, any other triangle that can be formed with these four
points has Segre invariant equal to 1. This is an easy consequence of Theorem 2.1 and of
Remark 3.3. Hence, up to projectivities, we can always assume that the points P1, P2, P3, P
are the points (1, 0, 0, 0), (0, 0, 0, 1), (1, 1, 1, 1) and (1, t, tq , tq+1) for a fixed t ∈ GF(q),
that is four points of a CP-type special set.
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